Propagation of 2-Monotone Lower Probabilities on an Undirected Graph

Lonnie Chrisman School of Computer Science Carnegie Mellon University Pittsburgh, PA 15217 chrisman@cs.cmu.edu

Abstract

Lower and upper probabilities, also known as Choquet capacities, are widely used as a convenient representation for sets of probability distributions. This paper presents a graphical decomposition and exact propagation algorithm for computing marginal posteriors of 2-monotone lower probabilities (equivalently, 2-alternating upper probabilities).

1 Introduction

Let (Ω, F) be a probability space, and P a non-empty set of probability distributions on that space. The functions

P (A) = inf_{P ∈P} P (A) P (A) = sup_{P ∈P} P (A) (1)

defined for any A ∈ F, are lower and upper probability envelopes.

A number of uses have been suggested for lower probabilities, and their use is rapidly increasing. Some feel that the use of a single exact distribution in Bayesianstyle inference fails to satisfactorily distinguish between uncertainty and ignorance or between certainty and confidence, and therefore a more general representation such as lower probability functions may be a superior representation of belief [32, 44]. Lower probabilities may also arise from incomplete or partial elicitation, such as when insufficient knowledge is available, or when it is too time consuming to obtain the necessary knowledge to warrant the precision inherent in exact probabilities [16, 20]. Lower probabilities are also useful for studying sensitivity and robustness in probabilistic inference [3, 46, 49], and they can be used to weigh computation effort against modeling precision [11]. They arise in group decision problems [39] and in axiomatic approaches to uncertainty when the axioms of probability are weakened [18, 46]. They arise when determining constraints on probabilities given only the probabilities on a finite set of other events [35]. Finally, they may result from the abstraction of more detailed probabilistic models [8, 10, 21].

In recent years, graphical decompositions of probability distributions have found widespread interest and application [23, 36]. These representations not only admit a concise and structured specification of a joint probability distribution, but also allow marginal posterior probabilities to be efficiently computed by taking advantage of the graphical structure [12, 25, 31, 36]. Analogous decompositions for lower probabilities may present similar opportunities for the many previously cited applications areas. Unfortunately, lower probabilities seem to be rather resistant to propagation. For example, if they are updated incrementally as evidence arrives, as is often done in Bayesian applications of pure probability, the resulting bounds depend on the order that evidence arrives, and are not equivalent to the bounds obtained by updating the original prior with all the evidence in a single step [9, 22, 37]. Fundamentally, the representation looses information during the updating process. Any direct attempt at propagation would almost certainly experience the same losses of information at each propagation step, and could invariably push the representation to either vacuous or inconsistent probability bounds.

A number of previous works have developed propagation algorithms for various representations of convex sets of probabilities. Notably, [4, 5] developed an algorithm, based on the axioms of [43], to propagate convex sets of probabilities represented by convex finite-sided polytopes in the probability simplex. Their polytopes are a generalization of the lower probabilities considered here; however, there are good reasons why one might prefer to deal with the lower probability representation directly rather than the more general convex probability formalism. For example, lower probabilities are more natural, refer only to the basic events in the probability space (rather than surfaces in the probability simplex), and have potential to be much more computationally tractable. Importantly, the propagation of polytopes can cause the number of sides to increase multiplicatively with each propagation step ([44]). [16] and [44] developed algorithms to propagate probability bounds in graphical structures. Their bounds, being only over individual elements of the probability space, are special cases of lower probability and can be substantially less informative, so the interest in the more expressive lower probability remains. Logics for reasoning with constraints on the probability of an incomplete set of events have been used by [1, 35, 38, 45], and indeed some even call the inference process “propagation”. The problem addressed by these and the use of the term propagation are considerably different than those in this paper since our initial bounds are prior lower probabilities as opposed to absolute constraints. When combined with knowledge of other propositions, our local prior bounds are subject to revision, so they are not constraints in that sense. A Dempster-Shafer belief function is syntactically a special case of a 2-monotone lower probability, and a number of papers have developed decompositions and propagation algorithms for belief functions, e.g., [29, 42, 50]. In these examples, however, the belief function is given an evidential interpretation [22, 41], rather than a lower probabilistic one. Propagation of second-order distributions has been considered by [33] and [34]. To date, the author is not aware of any previously published algorithm to propagate lower probability bounds directly.

This paper introduces a decomposition and propagation algorithm for the lower probability representation. It overcomes the apparent resistance of lower probability to propagation by utilizing the observation of [9] that the problems with lower probability updating can be alleviated by using a different and more informative internal representation for the bounds. [9] shows that the more informative internal representation can actually be substantially more efficient. The new propagation algorithm allows evidence to be locally and incrementally incorporated, and marginal posterior lower probabilities to be computed via propagation.

2 Lower Probability

Let (Ω, F = 2^Ω) be a finite probability space, and P : F −→ [0, 1] be a set function on this space. P is called a 2-monotone lower probability (or 2-monotone Choquet capacity [7]) when for any A, B ∈ F the following hold:

1. P (∅) = 0, P (Ω) = 1 2. P (A) + P (B) ≤ P (A ∪ B) + P (A ∩ B)

Not every probability envelope (as defined by (1)) is 2-monotone, but most applications restrict attention to 2-monotone representations since it is the weakest property that readily admits simple closed-form manipulations.

A dual set function, called a 2-alternating upper probability (or 2-alternating Choquet capacity), is given by P (A) = 1 − P (Ā), where Ā = Ω − A denotes the complement of A. It follows that for any A, B ∈ F,

1. P (∅) = 0, P (Ω) = 1

2. P (A) + P (B) ≥ P (A ∪ B) + P (A ∩ B)

3. P (A) ≤ P (A)

A probability distribution P on (Ω, F) is said to be consistent with P if for all A ∈ F, P (A) ≤ P (A), or equivalently, P (A) ≤ P (A). Denote the set of all distributions consistent with P by P(P ). Every twomonotone lower probability has at least one consistent probability distribution. Lower probabilities are natural representations for convex sets of distributions — namely, P represents the set of all distributions on (Ω, F) consistent with P . Note that there are many different convex sets of distributions with bounds given by P , but when P is specified, it normally is assumed to represent only the maximal such set. Let P (A|E) = inf{P (A|E) : P ∈ P(P ), P (E) > 0}. When P is 2-monotone and P (E) > 0, it is well-known [9, 14, 15, 48] that P (A|E) = P (A ∩ E) P (A ∩ E) + P (Ā ∩ E) P (A|E) = P (A ∩ E) P (A ∩ E) + P (Ā ∩ E) (2) When 0 = P (E) < P (E), then P (A|E) = 1 whenever A ⊂ E and is zero otherwise ([9]). Equation (2) also provides valid but non-exact bounds when P is not 2- monotone, and is the only instance in this paper where 2-monotonicity is used.

The Möbius transform of a lower probability function is defined by ([40, pg. 39])

m(A) = M[P ](A) = ∑ B⊂A (−1)^{|A−B|}P (B) (3) The summation in (3) is taken over all sets B ∈ F such that B ⊂ A, but in all the summations that follow, we suppress B ∈ F from the notation here for convenience. If m(A) is non-negative on all sets A ∈ F, P is said to be infinitely-monotone, and is also often referred to as a belief function. The Möbius transform is information preserving, such that the original function P can be recovered from m using the inverse Möbius transform given by ([40, Lemma 2.3], [6, Appendix]):

P (A) = M^{−1}[m](A) = ∑ B⊂A m(B)

The commonality transform of an upper probability function is defined by ([40, pg. 44]):

Q(A) = Q[P ](A) = − ∑ B⊂A (−1)^{|B|}P (B) (4)

when A ≠ ∅ and Q(∅) = 1. This transform is also information preserving, so that the original P can be recovered from Q using the inverse commonality transform given by ([40, Theorem 2.6])

P (A) = Q^{−1}[Q](A) = 1 − ∑ B⊂A (−1)^{|B|}Q(B)

Proposition 1 Let A, E ∈ F. The following hold.

P (A ∩ E) = M^{−1} [m^′] (A)

m^′(A) = { m(A) if A ⊂ E, 0 otherwise

(5a)

P (A ∩ E) = Q^{−1} [Q^′] (A)

Q^′(A) = { Q(A) if A ⊂ E, 0 otherwise

(5b)

where m = M[P ] and Q = Q[P ].

Proposition 1 allows evidence to be incorporated into the representation. Both m^′ and Q^′ in (5) can be incrementally updated without a loss of information ([9]). In other words, if E_1 is learned, and then E_2 is later learned, E_1 can be incorporated first, and m replaced by m^′. Then when E_2 is learned, E_2 can be incorporated into the new representation. The final representation is identical to that obtained by incorporating E_1 ∩ E_2 into the original belief in one step. Thus, by maintaining m^′ and Q^′ internally, P (A|E) and P (A|E) can be incrementally updated and at any time obtained from (2).

3 Joint Lower Probability

Let V = {x_1, ..., x_k} be a set of variables taking on possible values from Ω_1, ..., Ω_k. A joint assignment, x = ×_{i=i..k}x_i, takes on a value from Ω = Ω_1 × ... × Ω_k. Again, we assume Ω_i is finite, F = 2^Ω. If A ⊂ V is a subset of variables (A = {x_{i1} , ..., x_{iℓ}}), then xA denotes x_{i1} x_{i2} ...x_{iℓ} , and ΩA = Ω_{i1} × ... × Ω_{iℓ} . Note that boldface capital letters denote subsets of variables, while non-bold capital letters denote subsets of Ω, and non-bold small letter denote elements of Ω. When A ⊂ V and B ∈ F, BA denotes {xA : x ∈ B}; therefore, BA ∈ FA = 2^ΩA.

Since (ΩA, FA) is a probability space, a lower probability, P A, can be specified over this space as well. The subscript on P A is used for notational clarity to indicate the underlying space if it is not (Ω, F) (i.e., no subscript is equivalent to a subscript V). Subscripts are similarly used on mA and QA. These subscripts are not operators, they simply distinguish different functions in a way that always makes it clear what the underlying space is. When A ∈ FA is a set and B a subset of variables, B ⊃ A, then A^↑B = A×{ΩB_\A},

and A^↑ = A^↑V.

Given a joint lower probability in a propagation framework, one is normally interested in the marginal lower probability over a small subset of variables. The propagation framework allows these marginals to be computed efficiently. The functions Loc^m(m, A) and Loc^Q(Q, A), defined below, return the marginal of m or Q localized to the given variables in A. These are defined by Loc^m(mB, A)(A) = ∑ B ∈ FB BA = A mB(B) (6a)

Loc^Q(QB, A)(A) = (−1)^{|A|} ∑ B ∈ FB BA = A (−1)^{|B|}QB(B) (6b)

where mB and QB are Möbius or commonality assignments over (ΩB, FB). Both of (6a) and (6b) are generalizations of the standard notion of marginalization of a point probability distribution. It is important that when A ⊂ B, then Loc^m(Loc^m(m, B), A) = Loc^m(m, A) and Loc^Q(Loc^Q(Q, B), A) = Loc^Q(Q, A). The following fundamental theorem of marginal lower probabilities states that marginal lower probabilities are related to joint lower probabilities in the manner that one would intuitively expect.

Theorem 1 Denote mB = M[P B] and QB =

Q[P_B]. Let A ⊂ B and mA(A) = Loc^m(mB, A)(A) QA(A) = Loc^Q(QB, A)(A) Then M^{−1}[mA](A) = P B(A^↑B) and Q^{−1}[QA](A) =

P B(A^↑B) for all A ∈ FA.

For example, the marginal bounds as defined by (6) for an event A ∈ FA are just [P (A^↑), P (A^↑)]. The combination of (2) with Theorem 1 and Proposition 1 provides the basis for computing marginal posterior lower probabilities. Suppose A is a subset of variables, and one wishes to compute the marginal posterior P (A^↑|E) where A ∈ FA and E ∈ F. This is obtained from

P (A^↑|E) = M −1[Loc^m(m^′, A)](A) M^{−1}[Loc^m(m^′, A)](A) + Q^{−1}[Loc^Q(Q^′, A)](^¯A)_{(7)}

where m^′ and Q^′ are given by (5a) and (5b). The same bound can be obtained (when P is 2-monotone) by applying Bayes’s rule to all distributions consistent with P , marginalizing all of them to A, and taking the lower bound.

4 Graphical Decomposition

Let G = (V, E) be an undirected graph with vertices V and edges E ⊂ {{α, β} : α, β ∈ V, α ≠ β}. The vertices of our graphs correspond to the random variables V above, hence the dual use of V. A path of length L from α_0 to α_L is a sequence of at least two vertices, α_0, α_1, ..., α_L, such that {α_i, α_{i+1}} ∈ E. A cycle is a path with α_0 = α_L. A subset of vertices, S, is said to separate A from B when all paths from any node of A to any node of B contain a node in S. If A is a subset of vertices, the graph GA induced by A is the subgraph GA = (A, EA) where EA is the set of edges in E with both endpoints in A (i.e., EA = {{α, β} : α, β ∈ A} ∩ E). A subset of vertices, A, is called complete when all pairs of vertices in A are connected. If A complete and is not a subset of a larger complete set of vertices, then A is called a clique. The set of all cliques in G is denoted by C.

A pair of vertex subsets, (A, B), decomposes G when V = A ∪ B, A ∩ B is complete, and A ∩ B separates A from B. The decomposition is called proper if A, B ≠ V. A graph G is decomposable when it is complete, or if there exists a proper decomposition (A, B) into decomposable subgraphs GA and GB. A well known graph theoretic result (e.g., [19]) is that a graph is decomposable if and only if it is triangulated (also called chordal), that is, if all cycles of length L ≥ 4 contain a short-circuiting edge (a chord) between two non-consecutive vertices in the cycle. Any graph can be converted to a triangulated graph by adding edges, but finding the optimal triangulation is in most cases N P -hard ([2]). Heuristics for triangulation are often effective ([27]). The above is standard graph-theoretic terminology. For further reference see [19].

It is also convenient to introduce some additional terminology. If G is a graph with cliques C, and A ∈ F is a set, the rectangularization of A with respect to G is 2A = ⋂ C∈C AC^↑ A is a rectangular set (or just rectangle) on G when 2A = A. It is always the case that A ⊂ 2A, and furthermore, 2A is the smallest rectangle containing A. Denote the set of all rectangular sets on G by R, and the set of all rectangular sets on subgraph GA by RA. We say a lower probability, P , has a rectangular core on G if M[P ](A) = 0 whenever A ∉ R, or equivalently, when Q[P ](A) = Q[P ](2A) for all A ∈ F.

Definition 1 Let (G^m, G^Q) be a pair of decomposable graphs, and let R^m and R^Q be the rectangular subsets on G^m and G^Q respectively. We say that a lower probability P is Markov with respect to (G^m, G^Q) when for any decomposition (A, B) of G^m and any decomposition (C, D) of G^Q,

M[P ](A) =^{Locm(}M^{[P ], A)(AA) · Locm(}M^{[P ], B)(AB)}

Loc^m(M[P ], A ∩ B)(AA_∩B)

when A ∈ R^m, M[P ](A) = 0 when A ∉ R, and

Q[P ](A) =^{LocQ(}Q^{[P ], C)(2AC) · LocQ(}Q^{[P ], D)(2AD)}

Loc^Q(Q[P ], C ∩ D)(2AC_∩D)

In other words, m and Q must both be individually Markov and P must have a rectangular core on both G^m and G^Q. The extra requirement that P have a rectangular core is a technical detail that appears when

y^x y^z y^y X M[P](X) {xyz, x̄ȳz̄} 4/9 {x̄yz, xȳz̄, x̄ȳz̄} 2/9 {xȳz, x̄yz̄, x̄ȳz̄} 2/9 {x̄ȳz, xyz̄, xȳz̄, x̄yz̄, x̄ȳz̄} 1/9 Figure 1: Two (identical) sensors, x and y, are set up to detect an earthquake, z. Each sensor functions correctly in 2/3 of all cases. In the remaining cases, it does not sound when there is an earthquake, but may or may not function correctly when there is no earthquake. So that no further distributional assumptions are made, the joint reliability of the sensors is modeled by a lower probability, factorized according to the graph shown above. For conciseness, only nonzero Möbius assignments are shown. The joint lower probability is Markov — both m and Q factor on the graph.

generalizing decomposability to non-additive set functions. Without this restriction, one could place massassignments on sets that are not properly discerned by existing cliques in the graph. Not only would it be unnatural to consider a lower probability with such assignments to be Markov, such assignments create technical inconsistencies.

It may be convenient or appropriate to enforce G^m = G^Q, so that there is only one graph being considered, but this is not required and not doing so may allow additional flexibility. For example, each of the two Markov conditions might be achieved by triangulating G^m and G^Q differently. However, because the case of G^m = G^Q is of significant interest, it is informative to consider the conditions in which such a Markov decomposition is possible. Figure 1 shows an example of a Markov lower probability, establishing that interesting Markov lower probabilities do exist (of course, a pure probability decomposition satisfies the conditions as well). The following establishes conditions in which it is possible for G^m and G^Q to be the same graph.

Theorem 2 Let m = M[P]. If for any decomposition (A, B) of G and any set X ∈ R with m(X) ≠ 0, there is a unique pair A ∈ FA, B ∈ FB, X = A^↑ ∩ B^↑, such that Loc^m(m, A)(A) ≠ 0 and Loc^m(m, B)(B) ≠ 0, then M[P] is Markov on G if any only if Q[P ] is Markov on the same graph G. When P is infinitelymonotone, then this is also a necessary condition for

M[P ] and Q[P ] to be Markov on the same graph.

Corollary 1 If for every decomposition (A, B) of G, {XA_∩B : M[P ](X) ≠ 0} partitions ΩA_∩B, then M[P] is Markov on G if and only if Q[P ] is Markov on the same graph G.

For any decomposable graph G, one can efficiently identify a tree, J = (C, S), called a junction tree ([24]), with the following properties

1. Each node of J contains a subset of nodes of G, corresponding to a clique of G.

2. The intersection of all node subsets on a path of J is equal to the intersect of the node subsets of the path’s endpoints.

Let J^m = (C^m, S^m) and J^Q = (C^Q, S^Q) be junction trees for G^m and G^Q respectively. A clique potential, ϕC : FC −→ ℜ, is attached to each node of J^m and J^Q, and a separator potential, ϕS : FS : FS −→ ℜ, is attached to each edge of J^m and J^Q, where the edge is between nodes A and B and S = A ∩ B. Denote these ϕ^m and ϕ^Q. These potentials are initialized so that for any A ∈ F

M[P ](A) = ∏ C∈C^{m ϕm}C^{(A}C^) ∏ S∈S^{m ϕm}S^{(A}S^) A ∈ R 0 otherwise Q[P ](A) =^{∏C∈CQ ϕQC(AC)} ∏ S∈S^Q ϕ^QS(AS) (8)

It can be said that the potentials encode the joint prior m and Q functions. The basis for this initialization depends on the application and is not considered here. Nevertheless, a few comments about initialization are in order.

It is important to identify frameworks in which joint lower probabilities can be constructed out of convenient bits and pieces. For example, Bayesian networks provide a means for constructing joint probability distributions out of local conditional probabilities. As is the case with probabilities, we envision there being many possible frameworks that might provide convenient ways of constructing joint lower probabilities from components. The only requirement is that the joint probability be expressed in the product form of (8). Probabilistic Markov field theory provides the foundation for computation in many frameworks, including Bayesian networks ([31]), Markov networks ([36]), chain graphs ([17]), influence diagrams ([26]), Markov processes and temporal probabilistic networks ([28]), etc. In the same way, the product representation here may serve as the underlying computational foundation for a variety of application frameworks. The particular way in which components are specified may depend on the particular goals of the application, interpretation of the lower probabilities, desired properties of the representation, and other considerations. The bare framework of this paper can be used directly if the components in (8) can be assessed directly. However, it is clear that the development of more natural frameworks is an area of research in critical need of further attention.

4.1 Propagation

We say potentials ϕ^mA and ϕ^mB, A, B ∈ C^m, are consistent when Loc^m(ϕ^mA, A ∩ B) = Loc^m(ϕ^mB, A ∩ B).

Similarly, ϕ^QA and ϕ^QB, A, B ∈ C^Q, are consistent when

Loc^Q(ϕ^QA, A ∩ B) = Loc^Q(ϕ^QB, A ∩ B).

Theorem 3 (Uniqueness) (I) Suppose for each node C ∈ C^m of G^m, a potential ϕ^mC is specified, and that these potentials are pairwise consistent. Then there is a unique Markov Möbius assignment, m, having Loc^m(m, C) = ϕ^mC.

(II) Suppose for each node C ∈ C^Q of G^Q, a potential ϕ^QC is specified, and that these potentials are pairwise consistent. Then there is a unique Markov commonality assignment, Q, having Loc^Q(Q, C) = ϕ^QC.

The initial potentials are not, in general, pairwise consistent. The propagation algorithm leaves the joint potential unaltered, but changes the local potentials so that they are pairwise consistent, and therefore by Theorem 3, the marginals can be directly read off from the local potentials.

The propagation of ϕ^m and ϕ^Q can each be done separately — there is no interaction between these during the propagation. The propagation of each occurs in the same fashion. Here ϕ denotes either ϕ^m or ϕ^Q, Loc either Loc^m or Loc^Q, and so on.

A full propagation proceeds as follows (done for both junction trees J^m and J^Q). Any node of J is chosen as the root. Let d be the maximum distance in J between the root and any other node. First, during the collect evidence stage, each node at depth d propagates potential information to its neighbor at depth d − 1. Then each node at depth d − 1 propagates to its neighbor at depth d − 2, and so on until the root’s neighbors have propagated to the root. Second, during the distribute evidence stage, the root propagates information to each of its neighbors, then they propagate to each of their neighbors at depth 2, and so on down to depth d.

A propagation step from node A ∈ C to node B ∈ C occurs as follows (let S = A ∩ B): ϕ^′S = Loc(ϕA, S) ϕ^′B(B) = ϕB(B)ϕ^′S(BS)/ϕS(BS), B ∈ FB Where we take 0/0 = 0. Then ϕS and ϕB are replaced by ϕ^′S and ϕ^′B. See e.g., [12, 25, 31].

If either of the initial graphs, (G^m, G^Q), has disconnected components, it is essential that a single connected junction tree be used for each J^m and J^Q that includes all the disconnected components. This can be accomplished by including an artificial node in the junction tree corresponding to the null set of variables, with F_∅ = {∅, Ω}, and connecting it to all the individual junction trees resulting from each disconnected component. After propagation, ϕ^m_∅ (Ω) = P (E) and ϕ^Q_∅ (∅) = P (E). Unlike the case with pure probability, evidence E in one component does, in general, influence the bounds of P (A|E) even when A belongs to a disconnected component of the graph. Therefore, connecting the junction trees in the manner before propagation is mandatory.

Theorem 4 After a full propagation, M^{−1}[ϕ^mC](A) =

P (A^↑) for any C ∈ C and A ∈ FC, and Q^{−1}[ϕ^QC] = P (A^↑) for any C ∈ C and A ∈ FC.

In other words, after a full propagation, the local potentials correctly encode the marginal lower probabilities.

4.2 Incorporation of Evidence

When it is known that the true situation is contained within a set E ∈ F, we are interested in computing P (A^↑|E) from the initially decomposed prior. The information, E, must therefore be incorporated into the local potentials. It is necessary to restrict E to be a rectangular set on both G^m and G^Q. We therefore assume that evidence is obtained incrementally, E = E_1^↑ ∩ E_2^↑ ∩ ... ∩ E_n^↑, such that each E_i ∈ FA_i , A_i ⊂ C^m_i ∈ C^m and A_i ⊂ C^Q_i ∈ C^Q. Each E_i can therefore be successively incorporated, in any order, to condition on the total evidence E.

Proposition 1 demonstrates how evidence is incorporated into the potentials. It does not refer to local potentials, but it does naturally extend to local potentials as one might expect.

Theorem 5 Let E ∈ FC. Suppose for A ∈ F, m(A) = ϕC(AC) · f(A), where ϕC : FC −→ ℜ and f : F −→ ℜ are arbitrary. Suppose also that for all A ∈ F, m^′(A) = { m(A) if A ⊂ E^↑ 0 otherwise Then m^′(A) = ϕ^′C(AC) · f(A), where

ϕ^′C(C) = { ϕC(C) if C ⊂ E 0 otherwise (9) Similarly, if Q(A) = ϕC(AC) · f(A), and

Q^′(A) = { Q(A) if A ⊂ E^↑ 0 otherwise

then Q^′(A) = ϕ^′C(AC) · f(A) where ϕ^′ is given by (9).

Theorem 5 says that to incorporate evidence E ∈ FA, it is only necessary to find one node C ⊃ A in each junction tree and adjust the local potential for C. This is done by zeroing out all local potential assignments for sets that are not subsets of E. Evidence can thus be locally incorporated. Note that it is not necessary for the local potentials to be pairwise consistent — i.e., evidence can be incorporated at any time, before or after propagation.

There are two possible singularities that can arise when evidence is incorporated. If P (E) = P (E) = 0, then the event E is impossible and entirely in conflict with the prior lower probability assignment. This case is quickly recognized during the propagation of ϕ^Q when x/0, x ≠ 0 is encountered, or when some local ϕ^Q(∅) potential becomes zero. In this case it should be reported that a logical contradiction has been encountered. The same singularity can, of course, occur with pure probability. A second singularity is more subtle and less fatal, and occurs when P (E) > P (E) = 0. In this case, E being impossible is consistent with the prior, but not necessarily so, so there is no logical contradiction. It is entirely legitimate for this situation to occur. It can be detected during the propagation of ϕ^m when x/0, x ≠ 0 is encountered or when a local m potential, ϕ^m, becomes zero everywhere during propagation, but when the same singularity does not occur in ϕ^Q. When this happens, P (A|E) = 1 when A ⊂ E and zero otherwise ([9]). Whether A^↑ ∈ E can be readily obtained from the propagated ϕ^QA from local information, so the propagation of ϕ^Q should be completed. It is an inherent disadvantage of lower probability, and not of its graphical representation, that all grades of uncertainty are lost whenever a plausibly impossible conditioning event is encountered.

5 Conclusion

The full propagation algorithm for 2-monotone lower probabilities can be summarized as follows:

1. Obtain undirected dependency graphs for M[P]

and Q[P ]. These may (optionally) be different

graphs.

2. Triangulate the graphs.

3. Extract junction trees for each graph. 4. Initialize junction tree potentials to encode the prior lower probabilities according to (8). One junction tree encodes M[P ], the other Q[P ].

5. For each local piece of evidence, find one node in each junction tree that discerns that evidence. Update these local potentials according to (9).

6. Propagate the potentials.

7. To obtain P (A^↑|E) or P (A^↑|E) for some local A ∈ FA, read off P (A^↑ ∩E) directly from a local node in the first junction tree, and P (A^↑ ∩ E) directly from a local node in the second junction tree. Use (2) to obtain P (A^↑|E) or P (A^↑|E).

Although P (A|E) appears resistant to exact decomposition and propagation algorithms, it can be propagated by breaking it into two components, P (A ∩ E) and P (A ∩ E), each of which is amenable to propagation. This central observation is from [9].

Because both M[P ] and Q[P ] must be decomposable, it is clear that the structural requirements for decomposability of lower probabilities are rather strict. This is a serious limitation. On the other hand, it is not entirely surprising that decomposability requirements associated with both the lower bounds as well as with the upper bounds might exist. The fact that they can be decomposed in different ways may help to ease this extra structural requirement somewhat.

It is important to develop frameworks in which decomposable lower probabilities can be naturally expressed and constructed from smaller bits and pieces. The double Markov requirement makes this endeavor challenging but even more important. It may also be of interest to develop approximation methods for loosening bounds in order to achieve the double Markov condition without adding an excessive number of extra edges.

Conditional independence properties associated with decompositions of pure probability have been heavily studied [17, 30, 36]. However, one should take caution in making similar interpretations within a lower probability framework ([13]), the same intuitions do not always transfer. It can be shown that there are severe limitations in the ability of a lower probability representation to express epistemological independence, the idea that knowledge about one event should not influence the bounds for an independent event ([10]). This has significant ramifications on the interpretation of lower probabilities. The study of lower probability interpretation is very important, particularly in the context of the decomposable graphical framework where little previous attention has been focused.

The ability to decompose and propagate lower and upper probabilities offers significant potential for expanding their many uses to larger applications. Further improvements in the tractability are severely needed and provide many important areas for future research. A straightforward non-parametric potential representation requires arrays of size exponential in the number of joint assignments to the variables in a clique, since each subset is assigned a potential value. Without further developments, this limits the propagation algorithm to graphs with very small cliques. The study of conjugate parametric representations for lower probabilities has been almost entirely overlooked, but could be very valuable towards these ends. Even more promising is the study of sparse representations for Möbius and commonality assignments in the context of propagation, i.e., where most Möbius assignments are zero ([9]). Such an approach might allow very large clique sizes provided that the potentials themselves are very sparse.

Acknowledgements

I thank Fabio Cozman for comments on a draft of this paper. The author was supported by NASA-JPL Grant NGT-51039 and by NASA grant NAGW-1175. The views contained within are those of the author and do not represent the official policies, either expressed or implied, of the U.S. government.

References

[1] S. Amarger, D. Dubois, and H. Prade. Constraint propagation with imprecise conditional probabilities. In 7th Conf. on Uncert. in A.I., pages 26–34, 1991.

[2] S. Arnborg, D. G. Corneil, and A. Proskurowski.

Complexity of finding embeddings in a k-tree. SIAM J. Alg. Dis. Meth., 8(2):277–284, 1987.

[3] J. Berger. The robust bayesian viewpoint (with discussion). In J. Kadane, editor, Robustness in Bayesian Statistics, pages 63–124. 1984.

[4] J. Cano, M. Delgado, and S. Moral. An axiomatic framework for propagating uncertainty in directed acyclic networks. Int. J. Approx. Reas., 8(4):253–280, 1993.

[5] J. Cano, S. Moral, and J. F. Verdegay-Lopez.

Propagation of convex sets of probabilities in directed acyclic graphs. In Uncert. Int. Sys., pages 15–26. 1993.

[6] A. Chateauneuf and J.-Y. Jaffray. Some characterizations of lower probabilities and other monotone capacities through the use of Möbius inversion. Math. Soc. Sci., 17:263–283, 1989.

[7] G. Choquet. Theory of capacities. Ann. Inst.

Fourier (Grenoble), 5:131–295, 1953.

[8] L. Chrisman. Abstract probabilistic modeling of action. In J. Hendler, editor, 1st Int. Conf. on AI Plan. Sys., College Park, MD, 1992.

[9] L. Chrisman. Incremental conditioning of lower and upper probabilities. Int. J. Approx. Reas., 13(1):1–25, 1995.

[10] L. Chrisman. Independence with lower and upper probabilities. In 12th Conf. Uncert. in A.I., 1996.

[11] F. Cozman and E. Krotkov. Quasi-Bayesian strategies for efficient plan generation: Application to the planning to observe problem. In 12th Conf. Uncert. in A.I., 1996.

[12] A. P. Dawid. Applications of a general propagation algorithm for probabilistic expert systems. Stat. Comp., 2:25–36, 1992.

[13] L. M. de Campos and J. F. Huete. Independence concepts in upper and lower probabilisties. In B. Bouchon-Meunier, et al., eds., Uncert. Int. Sys., pages 85–96. 1993.

[14] L. M. de Campos, M. T. Lamata, and S. Moral.

The concept of conditional fuzzy measure. Int. J. Intell. Sys., 5(3):237–246, 1990.

[15] R. Fagin and J. Y. Halpern. A new approach to updating beliefs. Technical Report RJ7222, IBM Almaden Res. Cntr., Comp. Sci., 1989.

[16] K. W. Fertig and J. S. Breese. Probability intervals over influence diagrams. IEEE Trans. PAMI, 15(3):280–286, 1993.

[17] M. Frydenberg. The chain graph Markov property. Scandanavian J. Stat., 17:333–353, 1990.

[18] F. J. Giron and S. Rios. Quasi-Bayesian behaviour: A more realistic approach to decision making? In J. M. Bernardo, et al., eds., Bayesian Statistics, pages 17–38. Univ. Press, 1980.

[19] M. C. Golumbic. Algorithmic Graph Theory and Perfect Graphs. Academic Press, London, 1980.

[20] I. J. Good. Subjective probability as the measure of a non-measurable set. In Logic, Methodology, and Philosophy of Science, pages 319–329, 1962. Stanford Univ. Press.

[21] P. Haddawy and M. Suwandi. Decision-theoretic refinement planning using inheritance abstraction. In AAAI Spring Symposium Ser.: Decision- Theoretic Planning, Stanford Univ., 1994.

[22] J. Y. Halpern and R. Fagin. Two views of belief: Belief as generalized probability and belief as evidence. Art. Intell., 54(3):275–317, 1992.

[23] D. Heckerman, A. Mamdani, and M. Wellman.

Real-world applications of Bayesian networks. Comm. ACM, 38, 1995.

[24] F. V. Jensen and F. Jensen. Optimal junction trees. In 10th Conf. Uncert. in A.I., 1994.

[25] F. V. Jensen, S. L. Lauritzen, and K. G. Olesen. Bayesian updating in causal probabilistic networks by local computations. Comp. Stat. Quar., 4:269–282, 1990.

[26] F. Jensen, F. V. Jensen, and S. L. Dittmer. From influence diagrams to junction trees. In 10th Conf. Uncert. in A.I., July 1994.

[27] U. Kjaerulff. Triangulation of graphs — algorithms giving small total state space. Technical Report R-90-09, Dept. of Math. and Comp. Sci., Aalborg Univ., Denmark, 1990.

[28] U. Kjaerulff. A computational scheme for reasoning in dynamic probabilistic networks. In 8th Conf. Uncert. in A.I., pages 121–129, 1992.

[29] A. Kong. Multivariate belief functions and graphical models. PhD thesis, Dept. of Stat., Harvard Univ., 1986.

[30] S. L. Lauritzen, A. P. Dawid, B. N. Larsen, and H.-G. Leimer. Independence properties of directed Markov fields. Networks, 20:491–505, 1990.

[31] S. L. Lauritzen and D. J. Spiegelhalter. Local computations with probabilities on graphical structures and their applications to expert systems. J. Roy. Stat. Soc., Ser. B, 1988.

[32] I. Levi. Compromising Bayesianism: A plea for indeterminacy. J. Stat. Plan. Inf., 25:347–362, 1990.

[33] R. Musick. Minimal assumption distribution propagation in belief networks. In 9th Conf. Uncert. in A.I., pages 251–258. 1993.

[34] R. E. Neapolitan and J. R. Kenevan. Bayesian networks applied to therapy monitoring. In 7th Conf. Uncert. in A.I., pages 232–241. 1991.

[35] N. J. Nilsson. Probabilistic logic. Art. Intell., 28:71–87, 1986.

[36] J. Pearl. Probabilistic Reasoning in Intelligent Systems: Networks of Plausible Inference. 1988.

[37] J. Pearl. Reasoning with belief functions: An analysis of compatibility. Int. J. Approx. Reas., 4(5/6):363–389, 1990.

[38] J. R. Quinlan. Inferno: A cautious approach to uncertain inference. The Computer Journal, 26:255–269, 1983.

[39] T. Seidenfeld, M. Schervish, and J. B. Kadane.

On the shared preferences of two Bayesian decision makers. J. Phil., 86:225–244, 1989.

[40] G. Shafer. A Mathematical Theory of Evidence.

Princeton Univ. Press, 1976.

[41] G. Shafer. Constructive probability. Synthese, 48:1–60, 1981.

[42] G. Shafer, P. P. Shenoy, and K. Mellouli. Propagating belief functions in qualitative Markov trees. Int. J. Approx. Reas., 1:349–400, 1987.

[43] P. P. Shenoy and G. Shafer. Axioms for probability and belief-function propagation. In R.D. Shachter, et al., eds., Uncert. in A.I. 4. 1990.

[44] B. Tessem. Interval probability propagation. Int.

J. Approx. Reas., pages 95–120, 1992.

[45] H. Thöne, U. Güntzer, and W. Kieβling. Towards precision of probabilistic bounds propagation. In Uncert. in A.I.: 8th Conference, pages 315–322. 1992.

[46] P. Walley. Statistical Reasoning with Imprecise Probabilities. Chapman and Hall, 1991.

[47] L. A. Wasserman. Prior envelopes based on belief functions. Ann. Stat., 18:454–464, 1990.

[48] L. A. Wasserman and J. B. Kadane. Bayes’ theorem for Choquet capacities. Ann. Stat., 18(3):1328–1339, 1990.

[49] L. A. Wasserman and J. B. Kadane. Symmetric upper probabilities. Ann. Stat., 20:1720–1736, 1992.

[50] H. Xu. An efficient implementation of belief function propagation. In 7th Conf. Uncert. in A.I., pages 425–432. 1991.